We consider (3+1)-dimensional N = 2 supersymmetric QED with two flavors of fundamental hypermultiplets. This theory supports 1/2-BPS domain walls and flux tubes (strings), as well as their 1/4-BPS junctions. The effective (2+1)-dimensional theory on the domain wall is known to be a U(1) gauge theory. Previously, the wall-string junctions were shown to play the role of massive charges in this theory. However, the field theory of the junctions on the wall (for semi-infinite strings) appears to be inconsistent due to infrared problems. All these problems can be eliminated by compactifying one spatial dimension orthogonal to the wall and considering a wall-antiwall system (WW ) on a cylinder. We argue that for certain values of parameters this set-up provides an example of a controllable bulk-brane duality in field theory. Dynamics of the 4D bulk are mapped onto 3D boundary theory: 3D N = 2 SQED with two matter superfields and a weak-strong coupling constant relation in 4D and 3D, respectively. The cylinder radius is seen as a "real mass" in 3D N = 2 SQED. We work out (at weak coupling) the quantum version of the world-volume theory on the walls. Integrating out massive matter (strings in the bulk theory) one generates a Chern-Simons term on the wall world volume and an interaction between the wall and antiwall that scales as a power of distance. Vector and scalar (classically) massless excitations on the walls develop a mass gap at the quantum level; the long-range interactions disappear. The above duality implies that the wall and its antiwall partner (at strong coupling in the bulk theory) are stabilized at the opposite sides of the cylinder.
Introduction
Duality is one of the most fascinating ideas in theoretical physics. Basically, duality means that one and the same dynamical system can be described using two different theories. Moreover, when one description is in the weak coupling regime, the second is at strong coupling and vice versa. This makes duality extremely hard to prove. Exceptions are theories where one can find exact solutions and continue them from weak to strong coupling. The most well-known example is electromagnetic duality in N = 2 gauge theories [1, 2] . In other cases duality is conjectured, e.g. AdS/CFT correspondence [3, 4, 5] , and then indirectly verified. On the other hand, once duality is confirmed, it becomes a powerful tool to study theories at strong coupling using their weakly coupled duals.
AdS/CFT correspondence provides an example of duality between theories with different dimensions. On the one side is a string theory in the bulk which, in a certain limit, reduces to a classical supergravity model. A gauge theory on the fourdimensional boundary of the five-dimensional bulk is on the other side of AdS/CFT.
In this paper we present a purely field-theoretic example of such "holographic" duality. We consider (3+1)-dimensional N = 2 gauge theory with domain walls and flux tubes (strings) as our bulk model. One of the spatial dimensions is compactified, so that in fact our four-dimensional bulk is R 3 × S 1 . We show that a system of two parallel walls WW and strings stretched between these walls has a dual description in terms of (2+1)-dimensional U(1) gauge theory on the world volume of domain walls. In three dimensions the dual model has N = 2 (four supercharges). Moreover, the weak coupling regime in the bulk theory corresponds to strong coupling in the world-volume theory and vice versa. As it often happens, we cannot rigorously prove duality in this case. However, we are able to provide indirect evidence and to explicitly determine a condition which ensures duality.
Our bulk theory is N = 2 supersymmetric QED with 2 flavors of charged matter hypermultiplets and the Fayet-Iliopoulos term [6] . In this theory one can construct both, the 1/2 BPS-saturated walls and strings. Moreover, the 1/4 BPS-saturated wall-string junctions exist too [7] . In the domain wall world-volume theory these junctions are seen as "electric charges" of dual QED. However, construction of the world-volume theory, with the electric charges (a.k.a. junctions) included, was hampered by the fact that the string attached to the given junction was assumed to be semi-infinite [7] . Thus, it could not be mapped to any local theory on the domain wall. A way out was suggested by Tong in the inspiring paper [8] . He suggested to consider two parallel domain walls at finite distance from each other, connected by a finite-length string. As will be discussed in the bulk of the paper, unfortunately, the concrete set-up presented in [8] is inconsistent due to long-range (scalar-fieldmediated) interactions which result in an infinite bending of the walls at infinity. Building on Tong's proposal and our previous results we develop a consistent construction implementing the bulk-brane duality in field theory. To the best of our knowledge, this is the first example of this type.
We show that infrared problems can be eliminated by compactifying one spatial dimension orthogonal to the wall and considering a wall-antiwall system on a cylinder. If the radius of the cylinder is much larger than the wall thickness, classically, the relative distance between the walls is a modulus. The corresponding excitations are gapless. Supersymmetry then predicts that other states from the same supermultiplet, namely, the photon and its fermion partners, are massless too. If we place classical static sources of the dual electromagnetic field and the scalar field on the wall, the induced interactions do not fall off at infinity. A generic string-brane configuration has infinite energy. A finite energy is obtained on configurations of a very special type -with equal number of string connections on both sides of the cylinder.
We work out the quantum version of the 3D theory on the walls and show that taking account of quantum effects drastically changes the situation. The massive matter (a.k.a. strings in the bulk theory) generates a Chern-Simons term on the wall world volume and produces a quadratically rising interaction potential between the wall and antiwall, with the minimum of the potential energy corresponding to the wall and antiwall located at the opposite sides of the cylinder. The moduli of the classical theory are lifted. There are no long-range forces on the wall.
The paper is organized as follows. In Sect. 2 we introduce our bulk theory and briefly review BPS domain wall and string solutions in this theory. In Sect. 3 we review the 1/4-BPS solution for the string-wall junction and represent this junction as a classical charge in the (2+1)-dimensional low-energy effective theory on the wall. In Sect. 4 we consider wall-antiwall system on a cylinder and suggest a quantum version of the theory on the walls. We also discuss bulk-brane duality. In Sect. 5 we discuss physics of the world-volume theory and show that both the Chern-Simons term and quadratic wall-antiwall interaction potential are generated at the quantum level. Section 6 contains our conclusions while Appendix deals with formulation of (2+1)-dimensional QED and parity anomaly.
Domain walls and strings
The bulk theory which we will work with is N = 2 SQED with 2 flavors. It supports both, the BPS-saturated domain walls and, if the Fayet-Iliopoulos term is added, the BPS-saturated ANO strings. The bosonic part of the action of the bulk theory
where
Here ξ is the coefficient in front of the Fayet-Iliopoulos term, g is the U(1) gauge coupling, the index A = 1, 2 is the flavor index; and the mass parameters m 1 , m 2 are assumed to be real. In addition we will assume
Simultaneously, ∆m ≪ (m 1 + m 2 )/2. There are two vacua in this theory: in the first vacuum 4) and in the second one
The vacuum expectation value (VEV) of the fieldq vanishes in both vacua. Hereafter we will stick to the ansatzq = 0. A BPS domain wall interpolating between the two vacua of our bulk theory was explicitly constructed in Ref. [7] . Assuming that all fields depend only on the coordinate z = x 3 , it is possible to write the energy in the Bogomol'nyi form [9] ,
Requiring the first two terms above to vanish gives us the BPS equations for the wall. Assuming that ∆m > 0 we choose the upper sign in (2.6). The tension is given by the total derivative term (the last one in Eq. (2.6)) which can be identified as the (1, 0) central charge of the supersymmetry algebra,
The wall solution has a three-layer structure (see Fig. 1 ): in the two outer layers (which have width O((g √ ξ) −1 )) the squark fields drop to zero exponentially; in the inner layer the field a interpolates between its two vacuum values. The thickness of this inner layer is given by This wall is an 1/2 BPS solution of the Bogomol'nyi equations. In other words, the soliton breaks four of eight supersymmetry generators of the N = 2 bulk theory. The moduli space is described by two bosonic coordinates: one of these coordinates is associated with the wall translation; the other one is a U(1) compact parameter σ. Its origin is as follows [7] . The bulk theory at ∆m = 0 has U(1)×U(1) flavor symmetry corresponding to two independent rotations of two quark flavors. In both vacua only one quark develops a VEV. Therefore, in both vacua only one of these two U(1)'s is broken. The corresponding phase is eaten by the Higgs mechanism. However, on the wall both quarks have nonvanishing values, breaking both U(1) groups. Only one of corresponding two phases is eaten by the Higgs mechanism. The other one becomes a Goldstone mode living on the wall.
It is possible to promote these moduli to fields depending on the wall coordinates x n (n = 0, 1, 2). Then, deriving a world-volume theory for the moduli fields on the wall is straightforward. The U(1) phase σ discussed above can be dualized [10] to a U(1) gauge field in (2+1) dimensions. Thus, the world-volume theory is a U(1) gauge theory. The domain wall under consideration can be interpreted as a D-brane prototype in field theory [11, 12, 13, 7] . The bosonic part of the world-volume action is
where z 0 describes the translational mode while
is the coupling constant of the effective U(1) theory on the wall related to the parameters of the bulk theory as
The fermion content of the world-volume theory is given by two three-dimensional Majorana spinors, as is required by N = 2 in three dimensions. The full worldvolume theory is a U(1) gauge theory in (2 + 1) dimensions, with four supercharges. The Lagrangian and the corresponding superalgebra can be obtained by reducing four-dimensional N = 1 SQED (with no matter) to three dimensions (see Appendix). The field z 0 in (2.9) is the N = 2 superpartner of the gauge field A n . To make it more transparent we make a rescaling, introducing a new field
In terms of a 2+1 the action (2.9) takes the form
The gauge coupling constant e 2 has dimension of mass in three dimensions. A characteristic scale of massive excitations on the world volume theory is of the order of the inverse thickness of the wall 1/R, see (2.8) . Thus the dimensionless parameter that characterizes the coupling strength in the world-volume theory is e 2 R,
We interpret this as a feature of the bulk-wall duality: the weak coupling regime in the bulk theory corresponds to strong coupling on the wall and vice versa [7] . Of course, finding explicit domain wall solutions and deriving the effective theory on the wall assumes weak coupling regime in the bulk, g 2 ≪ 1. In this limit the world-volume theory is in the strong coupling regime and is not very useful.
Our theory (2.1) is Abelian and as such does not have monopoles. However, we could have compactified U(1), starting from the N = 2 non-Abelian theory with the gauge group SU(2), broken down to U(1) by condensation of the adjoint scalar field (whose third component is a, see (2.4) and (2.5)). This non-Abelian theory would have the 't Hooft-Polyakov monopoles [14] . In the low-energy limit (2.1) these monopoles become heavy external magnetic charges, with mass of the order of m 1,2 /g 2 . Once electrically charged fields condense in both vacua (2.4) and (2.5), these monopoles are in the confining phase in both vacua.
In fact, in each of the two vacua of the bulk theory the magnetic charges are confined by the Abrikosov-Nielsen-Olesen (ANO) strings [15] . In the vacuum in which a = − √ 2m 1 we can use the ansatz q 2 = 0 and write the following BPS equations:
Analogous equations can be written for the flux tube in the other vacuum, a = − √ 2m 2 . These objects are half-critical, much in the same way as the domain walls above.
The magnetic flux of the minimal-winding flux tube is 4π, while its tension is given by the (1/2, 1/2) central charge [16] ,
The thickness of the tube is of the order of
3 Wall-string junctions
Let us consider a flux tube ending on a domain wall. The flux tube is semi-infinite and aligned perpendicular to the wall. This configuration was studied in gauge theories in Refs. [7, 17, 18, 19] (for a review see [20, 21] ) and, earlier, in four-dimensional sigma models [13] . Consider a vortex oriented in the z direction ending on a wall oriented in the (x 1 , x 2 ) plane; let the string extend at z > 0 and let the magnetic flux be oriented in the negative z direction. The BPS first-order equations can be written for the composite soliton [7] ,
These equations generalize both the 1/2-BPS wall and string equations and were used to determine the general 1/4-BPS solution for the string-wall junction, (i.e. a flux tube ending on the wall).
The solution for the string-wall junction at large distance r from the string endpoint has the form of a wall solution with the collective coordinates z 0 and the U(1) phase σ depending on the world-volume coordinates x 1 and x 2 . Namely [7] , the wall is logarithmically bent due to the fact that the vortex pulls it,
Moreover, the magnetic flux from the string penetrates into the wall and, therefore, the string end-point is seen as an electric charge in the world-volume theory, dual QED. 2 The electric field at large distances r from the string-wall junction is given by
where i = 1, 2.
In the world-volume theory per se, the fields (3.2) and (3.3) can be considered as produced by classical point-like charges which interact in a standard way with the electromagnetic field A n and the scalar field a 2+1 ,
where the classical electromagnetic current and the charge density of a static charge is given by
for a unit charge located at x n = 0. To derive (3.4) we used (3.2) and (3.3), as well as the relation (2.11). Thus, the string is seen in the world-volume theory on the wall as a unit static charge.
It is easy to calculate the energy of this static charge. There are two distinct contributions to this energy [22] . The first contribution is due to the gauge field,
The integral dr/r is logarithmically divergent both in the ultraviolet and infrared. It is clear that the UV divergence is cut off at the transverse size of the string (2.16) and presents no problem. However, the infrared divergence is much more serious.
We introduced a large size L to regularize it in (3.6).
The second contribution, due to the z 0 field, is proportional to dr/r too,
Both contributions are logarithmically divergent in the infrared. Their occurrence is an obvious feature of charged objects coupled to massless fields in (2 + 1) dimensions due to the fact that the fields A n and a 2+1 do not die off at infinity which means infinite energy.
The above two contributions are equal (with the logarithmic accuracy), even though their physical interpretation is different. The total energy of the string junction is
We see that in our attempt to include strings as point-like charges in the worldvolume theory (3.4) we encounter problems already at the classical level. The energy of a single charge is IR divergent. (This is on top of the fact that semi-infinite strings in the bulk have masses proportional to their length; once the length is infinite so are their masses. For the time being we will disregard the latter aspect, to be addressed below.)
It is clear that the infrared problems will become even more severe in quantum theory. One might suggest to overcome this problem by adding antistrings in our picture. The antistring carries an opposite magnetic flux to that of the string; therefore, it produces the following (dual) electric field on the wall:
while the bending of the wall due to the string stretched at z > 0 is still given by Eq. (3.2). The fields (3.2), (3.3) of the string and (3.2), (3.9) of the antistring can be described by the world-volume action (3.4) where the currents j n and ρ are given by
Here n e and n s are electric and scalar charges associated with the string end with respect to the electromagnetic field A n and the scalar field a, respectively, n e,s = ±1 .
The string with incoming flux has the charges (n e , n s ) = (+1, +1) while the string with outgoing flux (the antistring) the charges (n e , n s ) = (−1, +1). Now we can consider a configuration with equal number of strings and antistrings so that at large distances from their end-points the electric field A has a power fall-off and produces no IR divergence, see Fig. 2 . This solves only a half of the problem, however. The electric fields produced by the string and antistring cancel each other at large r. At the same time, the bending of the wall is doubled, as it is clear from Eq. (3.10) and Fig. 2 . Thus, the wall bending energy is still IR divergent. A way out was suggested in [22] . For the infrared divergences to cancel we should consider strings coming to the wall from the right and from the left. Clearly, the bending of the wall produced by the string coming from the left is given by
It has the opposite sign as compared to the bending of the string coming from the right. Thus, we have the following set of the electric (scalar) charges associated with the string end-points:
n e = +1, incoming flux, n e = −1, outgoing flux, (3.12) while their scalar charges are n s = +1, string from the right,
Clearly, the bending of the wall produced by two string attached from different sides of the wall tends to zero at large r from the string end-points and produces no IR divergence. In fact, it was shown in [22] that the configuration depicted in Fig. 3 is a non-interacting 1/4-BPS configuration. All logarithmic contributions are canceled; the junction energy in this geometry is given by a finite negative contribution 14) which is called the boojum energy [19, 22] . In Sect. 4 we will consider a wall configuration in which the attached strings can appear from both sides of the wall. Then we will suggest a quantum version of the theory on the wall.
Quantizing strings on the wall
In this section we will work out a quantum version of the world-volume theory (3.4) with charged matter fields which, on the world volume, represent strings of the bulk theory. First we proceed in the spirit of Ref. [8] , and then deviate in a bid for a theory fully consistent in (2+1) dimensions and free of IR divergences. A novel element is introduction of two types of charged matter, to represent both, strings attached from the left and from the right of the wall.
The mass of the string is equal to its tension (2.15) times its length. If we have a single wall, all strings attached to it have infinite length; therefore, they are infinitely heavy. In the world-volume theory on the wall (3.4) they are seen as classical infinitely heavy point-like charges. In order to quantize these charges one has to make their masses finite. To this end one needs at least two domain walls [8] .
Let us describe our set-up in some detail. First, we compactify the x 3 = z direction in our bulk theory (2.1), on a circle of length L. Then we consider a pair "wall plus antiwall" oriented in the {x 1 , x 2 } plane, separated by a distance l in the perpendicular direction, see Fig. 4 . The wall and antiwall experience attractive forces. Strictly speaking, this is not a BPS configuration -supersymmetry in the world-volume theory is broken. However, the wall-antiwall interaction due to overlap of their profile functions is exponentially suppressed at large separations,
where R is the wall size (see Eq. (2.8)). In what follows we neglect exponentially suppressed effects. If so, we neglect effects which break supersymmetry in our (2+1)-dimensional world-volume theory. Thus, it continues to have four conserved supercharges (N = 2 supersymmetry in (2+1) dimensions) as was the case for the isolated single wall. Let us denote the wall position as z 1 while that of the antiwall as z 2 . Then
The kinetic terms for these fields in the world-volume theory are obvious, (see (2.9))
where we use (2.11) to define the fields a
2+1 . The sum of these fields,
with the corresponding superpartners, decouples from other fields forming a free field theory describing dynamics of the center of mass of our construction. This is a trivial part which will not concern us here.
An interesting part is associated with the field
The factor 1/ √ 2 ensures that a − has a canonically normalized kinetic term. By definition, it is related to the relative wall-antiwall separation, namely,
Needless to say, a − has all necessary N = 2 superpartners. In the bosonic sector we introduce the gauge field 5) with the canonically normalized kinetic term. The strings stretched between the wall and antiwall, on both sides, will be represented by two chiral superfields, S andS, respectively. We will denote the corresponding bosonic components by s ands. In terms of these fields the quantum version of the theory (3.4) is completely determined by the charge assignment (3.12), (3.13) and N = 2 supersymmetry. The charged matter fields have the opposite electric charges and distinct mass terms, see below. A mass term for one of them is introduced by virtue of a "real mass" as is explained in Appendix. It is necessary due to the fact that there are two interwall distances, l and L − l. The real mass breaks parity. The bosonic part of the action has the form
We will present additional comments on the derivation of this expression in Sect. 5. According to our discussion in Sect. 3, the fields s ands have charges +1 and −1 with respect to the gauge fields A
n and A
n , respectively. Hence,
The electric charges of strings with respect to the field A − n are ± √ 2. The last term in (4.6) is the D-term dictated by supersymmetry. So far, m is a free parameter whose relation to L will be determined shortly. Moreover,
The theory (4.6) with the pair of chiral multiplets S andS is free from IR divergences and global Z 2 anomalies [23, 24] . On the classical level it is clear from our discussion in the previous section. In Ref. [8] a version of the world volume theory (4.6) with only one supermultiplet S was considered. Now we make a crucial test of our theory (4.6) calculating the masses of charged matter multiplets S andS. From (4.6) we see that the mass of S is given by
Substituting here the relation (4.4) we get
The mass of the charged matter field S is equal to the mass of the string of the bulk theory stretched between the wall and antiwall at separation l, see (2.15). Of course, this was expected. Note that this is a nontrivial check of the consistency of our world-volume theory with the bulk theory. Indeed, the charges of strings end-points (3.12) and (3.13) are fixed by the classical solution for the wall-string junction. Now, imposing the relation between the free mass parameter m in (4.6) and the length of the compactified z-direction L in the form
we get the mass of the chiral fieldS to be
The mass of the stringS connecting the wall with the antiwall from the other side of the cylinder equals string tension times (L − l), in full accordance with our expectations, see Fig. 4 . To conclude this section let us discuss relations between the parameters of the bulk theory we have to impose to ensure that our world-volume theory (4.6) makes sense. Most importantly, we use the quasiclassical approximation in our bulk theory (2.1) to find the solution for the string-wall junction [7] and derive the wall-antiwall world-volume effective theory (4.6). This assumes weak coupling in the bulk, g 2 ≪ 1. According to the duality relation (2.13) this implies strong coupling in the worldvolume theory.
We want to continue the world-volume theory (4.6) to the weak coupling regime,
which means strong coupling in the bulk theory, g 2 ≫ 1. Our general idea is that at g 2 ≪ 1 we can use the bulk theory (2.1) to describe our wall-antiwall system while at g 2 ≫ 1 we better use the world-volume theory (4.6). We call this situation the bulk-brane duality. It is quite similar in spirit to the AdS/CFT correspondence.
Besides the condition (4.12) or g 2 ≫ 1, we assume the condition (2.3) to be satisfied too. Now, with the given choice of the bulk parameters ∆m, ξ and g 2 , subject to relations (4.12) and (2.3), let us find out whether or not we have a window of the allowed values of L (the size of the compactified direction) such that the theory (4.6) gives a correct description of low-energy world-volume physics.
A lower bound on l ∼ L comes from (4.1). It ensures that the distances between the wall and antiwall from both sides of the cylinder are much larger than the wall thickness. An upper bound on L comes as follows. The string states S,S included in the low-energy action (4.6) should be much lighter then other massive excitations on the wall, with the characteristic mass scale ∼ 1/R. Thus, we demand 13) where the masses of the string states are given in Eqs. (4.9) and (4.11). This requires, in turn,
were we used Eq. (4.1). This is even a more restrictive condition than Eq. (4.12). In what follows we will assume that this important condition is satisfied. Unfortunately, we cannot guarantee it is true. In fact, classically this would require taking the coupling of the bulk theory to be
Clearly, in this ultra-strong coupling regime in the bulk our classical expression for R (2.8) is not valid and we cannot use it to prove (4.14). Below we conjecture that the condition (4.14) can be reached in the strong coupling regime of the bulk theory. It turns out that we have even a more restrictive condition on the size of the compact direction L than the one in Eq. (4.13). Indeed, the stretched strings of the bulk theory are represented in our effective theory on the walls by two chiral superfields, S andS. This means that the only properties of the bulk strings seen in the world-volume theory are the charges of the string end-points and the string masses. In particular, the walls do not "feel" string excitations. The latter would correspond to an infinite tower of extra states in the world-volume theory with masses m KK = k/l ∼ k/(L − l), where k is integer. Let us call these states "KK modes" because to an observer on the walls they will look similar to Kaluza-Klein modes. Hence, we require
which implies
The latter inequality is equivalent to
We see that, for the choice of parameters of the bulk theory subject to the conditions (2.3) and (4.14), we can assume L to lie inside the window (4.1), (4.16) to ensure that our (2+1)-dimensional theory (4.6) correctly describes the low-energy limit of the wall-antiwall world-volume theory, with strings stretched between the walls fully taken into account. Different scales of our theory are shown in Fig. 5 . Summarizing, the scales ∆m, √ ξ and e 2 2+1 ∼ ξ/∆m are determined by the string and wall tensions in our bulk theory, see (2.15) and (2.7). In particular, the (2+1)-dimensional coupling e 2 is determined by the ratio of the wall tension to the square of the string tension, as follows from Eqs. (2.9) and (2.11). Since the strings and walls in the bulk theory are BPS-saturated, they receive no quantum corrections. Equations (2.15) and (2.7) can be continued to the strong coupling regime in the bulk theory. Therefore, we always can take such values of parameters ∆m and √ ξ that the conditions e 2 ≪ ξ ≪ ∆m (4.18) are satisfied.
To actually prove duality between the bulk and world-volume theories (2.1) and (4.6) we only need to prove the condition (4.14). This will give us the hierarchy of the mass scales shown in Fig. 5 . With the given values of parameters ∆m and √ ξ we have another free parameter of the bulk theory to ensure (4.14), namely, the coupling constant g 2 . However, as we explained above, the scale 1/R (the mass scale of various massive excitations living on the wall) is not protected by supersymmetry and we cannot prove that the regime (4.14) can be reached at strong coupling in the bulk theory. Thus, our bulk-brane duality conjecture is essentially equivalent to the statement that the regime (4.14) is in fact available under a certain choice of parameters.
Note, that if the condition (4.14) is not met, the wall excitations become lighter than strings, and the theory (4.6) does not correctly describe low-energy physics of the theory on the walls.
5 Physics of the world-volume theory N = 2 supersymmetric U(1) gauge theory (4.6) was studied in [23, 24] . It can be obtained by dimensional reduction of N = 1 QED from four to three dimensions (see Appendix). The neutral scalar field a − comes from the four-dimensional gauge potential upon reduction to three dimensions. Terms containing the parameter m in Eq. (4.6) are introduced by virtue of the real mass procedure [23, 24] . To make further consideration more transparent it is instructive to write down here all bilinear fermionic terms,
where ψ α andψ α (α = 1, 2) are the fermion superpartners of string scalar fields s ands. If the parameter m in (5.1) vanished, the masses of the fields ψ andψ would be opposite in sign. In this case the theory would be P -invariant (for a definition of P -invariance in 3D see Appendix), free of global anomalies and would generate no Chern-Simons term [25, 26, 23] . However, in our set-up m cannot vanish. It is related to the size of the compactified dimension L of the bulk theory, see Eq. (4.10). Moreover, since both l and L − l must be positive, we conclude that a − and (m − a − ) must be positive too. In this case P -invariance of the world-volume theory is broken and a Chern-Simons term is generated.
Let us integrate out the string multiplets S andS and study the effective theory for the U(1) gauge supermultiplet at scales below the string masses m s . Once the string fields enter the action quadratically (if we do not resolve the algebraic equations for the auxiliary fields) the one-loop approximation is exact.
Integration over the charged matter fields in (4.6) and 5.1 leads to generation of the Chern-Simons term with the coefficient proportional to
see Appendix. Another effect related to the one in (5.2) by supersymmetry is generation of a nonvanishing D-term,
where D is the D-component of the gauge supermultiplet. As a result we get from (4.6) the following low-energy effective action for the gauge multiplet:
where we also take into account here a finite renormalization of the bare coupling constant e 2 [27, 28, 24] 1
This is a small effect since 1/e 2 is the largest parameter (see Fig. 5 ), and a − is stabilized at m/2 (see Eq. (5.7)).
Note that the coefficient in front of the Chern-Simons term is integer in Eq. (5.4) in terms of k (namely, k = 1; for the definition of the parameter k see Appendix). This is because we integrated out two matter multiplets (strings of the bulk theory). If we had only one matter multiplet, the induced coefficient in front of the ChernSimons term would be equal to k = 1/2, see Appendix. This would spoil the gauge invariance of the theory and, to compensate for this effect, we would need to introduce a bare Chern-Simons term with half-integer coefficient. In fact, this is exactly the situation considered in [8] . In this paper a single chiral matter multiplet is introduced, associated with strings attached to the wall only from the one side. Then the gauge invariance requires introduction of the bare Chern-Simons term with coefficient k 0 = −1/2. After integrating out the matter multiplet, the effective coefficient in front of the Chern-Simons term is
No net Chern-Simons term is generated in [8] provided a − is positive. In contrast, in the theory we suggest, we have two chiral multiplets on the wall, describing bulk strings, S andS. Integrating them out produces an integer coefficient in front of the Chern-Simons term in (5.4) . No bare Chern-Simons term is required in this case; for a more detailed discussion see the end of this section.
The net P -invariance violation associated with the Chern-Simons term in (5.4) can be seen in the bulk theory. Three-dimensional P -invariance is defined (see Appendix) as the transformation x 1 → −x 1 and A 1 → −A 1 , while other coordinates and the gauge potentials stay intact. Thus, the direction of the magnetic flux inside the strings reverses under this transformation. The string ending on the wall with the incoming flux goes into the string ending on the wall with the outgoing flux, and vice versa. Clearly, our bulk configuration breaks this symmetry. This breaking corresponds to the generation of the Chern-Simons term in the effective theory on the walls (5.4) .
The most dramatic effect in (5.4) is the generation of a potential for the field a − which corresponds to the separation l between the walls. The vacuum of (5.4) is located at
There are two extra solutions at a − = 0 and a − = m, but they lie outside the limits of applicability of our approach. We see that wall and antiwall are pulled apart to be located at the opposite sides of the cylinder. Moreover, the potential is quadratically rising with the deviation from the equilibrium point (5.7). As we mentioned in Sect.4, the wall and anti-wall interact with exponentially small potential due the overlap of their profiles. However, these interactions are negligibly small at l ≫ R as compared to the interaction in Eq. (5.4) . The interaction potential in (5.4) arises due to virtual pairs of strings which pull walls together. Clearly, our description of strings in the bulk theory was purely classical and we were unable to see this quantum effect. The classical and quantum interaction potential of the wall-antiwall system is schematically shown in Fig. 6 . The quantum potential induced by "virtual strings" is much larger than the classical exponentially small WW attraction at separations l ∼ L/2. It stabilizes the classically unstable WW system at the equilibrium position (5.7). 
4). Our approximation is not applicable if
It is applicable in the plateau domain which in our approximation is seen as a classically flat direction.
Note, that if the wall-antiwall interactions were mediated by particles they would have exponential fall-off at large separations l (there are no massless particles in the bulk). Quadratically rising potential would never be generated. In our case the interactions are due to virtual pairs of extended objects -strings. Strings are produced as rigid objects stretched between walls. We do not take into account string excitations as they are too heavy, see Sect. 4. The fact that the strings come out in our treatment as rigid objects rather than local particle-like states propagating between walls is of paramount importance. This is the reason why the wall-antiwall potential does not fall off at large separations. Moreover, if an infinite number of string modes had to be taken into account, virtual string pair contributions would be suppressed exponentially in the coupling constant. The suppression we get is just e 2 .
Note, that power-law interactions between the domain walls in N = 1 QCD were recently obtained via a two-loop calculation in the effective world-volume theory [29] .
Since the repulsive form of the scalar potential in Eq. (5.4), leading to stabilization at a − = m/2, is a crucial element of our construction, we would like to add an alternative argument demonstrating the proportionality of the effective low-energy D term to 2a − − m in the most transparent manner. Indeed, the above D term can be determined by calculating and summing two tadpole graphs depicted in Fig. 7 .
If 0 < a − < m, the first graph is proportional to m s = a − while the second one to ms = m − a − . The relative minus sign is due to the fact that the electric charges This shows that integrating out massive string fields in (4.6) to get (5.4) makes sense. Another effect seen in (5.4) is the renormalization of the coupling constant which results in a non-flat metric. Of course, this effect is very small in our range of parameters since m s ≫ e 2 . Still we see that the virtual string pairs induce additional power interactions between the walls through the nontrivial metric in (5.4).
To conclude this section, let us note that our starting point for the quantum theory on the wall world volume is N = 2 QED, Eq. (4.6). In principle, we could add a Chern-Simons term with arbitrary integer coefficient k 0 to our starting theory. Before excluding the auxiliary field D, this amounts to adding
to the action (4.6), where µ is an arbitrary parameter of dimension of mass. Such terms may or may not be present depending on the ultraviolet completion of the theory. They are not required by the low-energy theory.
We derive our theory (4.6) using the quasiclassical approximation in the bulk and, therefore, generally speaking cannot control quantum effects such as the one in (5.9). One might think that this term could be induced in the low-energy theory by some massive modes living on the wall, e.g. wall excitations (with mass ∼ 1/R), or KK modes mentioned in Sect. 4. However, physics in ultraviolet is determined by the bulk theory which is P -even. Hence, we do not expect a UV-generated ChernSimons term. Moreover, if we formally take the limit m → 0 in our world-volume theory (4.6), we expect that the P -invariance should be restored. This rules out apriori possible bare Chern-Simons term, so we conclude that
(5.10)
6 Discussion and conclusion
In this paper we presented a field-theoretic system which possesses a holographic duality. If the bulk 4D world was represented by a cylinder with a wall and antiwall parallel to each other along the axis of the cylinder -just as in the Arkani-HamedDimopoulos-Dvali scenario [30] -and we were wall dwellers [31] , we would establish that our 3D world is governed (at low energies) by N = 2 3D SQED with the ChernSimons term. Dynamics of the 4D bulk theory and the bulk set-up on the one hand, and dynamics of the 3D theory (4.6) and (5.1) on the other hand, are in one-to-one correspondence. The charged particles the wall dwellers would discover in their 3D world would reflect two types of strings (and antistrings) stretched between the walls. Our construction is self-consistent, both, at the classical and quantum levels. We start from a classical consideration. In three dimensions N = 2 SQED with a single matter superfield, in the Coulomb regime, has no finite-energy states. The theory becomes well defined upon introduction of the second chiral superfield, with the opposite electric charge. Correspondingly, the bulk theory must be defined on the cylinder R 3 ×S 1 , with the WW configuration parallel to the cylinder axis. Then, the strings connecting the wall and antiwall in the bulk, on both sides of the cylinder, are described in the 3D theory (4.6) and (5.1) by the chiral superfields S andS. Connection on one side of the cylinder is described by S while on the other side of the cylinder byS. Besides having the opposite electric charges, the fields S andS have distinct masses which are proportional to the distance between W andW on both sides of the cylinder. The sum of the mass terms in Eq. (5.1) is proportional to cylinder's circumference, which appears as a "real mass" in the world-volume theory.
To ensure finiteness of energy at the classical level one must consider equal number of strings from both sides of the cylinder. Quantum effects -virtual string loops -generate a mass gap proportional to e 2 . The fact that this mass gap depends linearly on e 2 is due to infinite rigidity of strings in the approximation we use. String excitation modes are neglected, which is perfectly justified under the special choice of parameters we made, see Sect. 4.
Technically, the mass gap is due to an induced Chern-Simons term. The origin of this term can be traced back to the cylindrical geometry and the fact that L = 0. This term gives mass to the 3D (dual) photon. N = 2 supersymmetry imposes the same mass on other members of the vector supermultiplet. Thus, at the quantum level, the wall and antiwall start interacting. Their interaction is non-exponential; rather it depends on the interwall distance as the square of the distance. The walls are stabilized on the opposite sides of the cylinder. This is the vacuum state in the world-volume theory.
This feature is absolutely remarkable. Any interaction between the walls generated by exchange of localized states (particles) must die off exponentially in the interwall distance. We would like to explore in more detail whether power-like dependences obtained e.g. in [29] can have a relation to the phenomenon observed in this paper. When our world-volume theory is weakly coupled, if the holographic duality does indeed take place in our set-up, the bulk theory is strongly coupled. The impact of the bulk strings at strong coupling is hard to predict. However, duality does this job for us, leading to a highly nontrivial prediction of the mass gap generation (lifting of moduli). In the bulk language, this amounts to a long-range force between the walls.
It is instructive to discuss how our results compare with those well-known in string theory for a system of a D p brane and anti-D p brane, see [38] for a review. The instability of the D pDp system in string theory is associated with the open string tachyon. The tachyon is the lowest excitation of the fundamental string. The D pDp system eventually collapses: the brane and antibrane eventually annihilate each other and decay to other objects.
It is not easy to say what plays the role of the tachyon in our field-theoretic construction, in which string excitations are neglected (this is justified by a judicious choice of parameters) and, therefore, our strings are in essence "classic." The fields S andS that represents the ANO strings on the world volume are perfectly stable, with a positive mass squared, see (4.9). We do not expect any tachyonic behavior of these fields even at not-so-large values of l.
The a − field of the world-volume theory is indeed tachyonic outside the fiducial domain. Inside the fiducial domain its classical mass squared is slightly negative, with the exponentially small absolute value. In the approximation of exact N = 2 on the world volume it vanishes, see Fig. 6 .
The classical instability of the wall-antiwall system associated with the exponentially small attraction, is due to massive a and q fields of the bulk theory rather than strings.
The difference between our set-up and string-theory D pDp system can be, perhaps, explained as follows. We started from the gauge theory (2.1). Therefore, the gauge fields of this theory, as well as the quark multiplets, are considered as "fundamental" fields. The ANO strings are not fundamental, they are built of the gauge and quark fields. In contrast, in string theory the string itself is the fundamental object. Everything else is seen as string excitations. In particular, interactions mediated by the a anduanta of the bulk theory (the reason for the wall-antiwall instability) should be seen in string theory as tachyons in certain string diagrams. Note that in string-theory picture the world-volume gauge fields by themselves are string excitations too, while in our picture this is not the case, our strings play the role of charged matter for these gauge fields.
In conclusion, let us point out an obvious goal for future work: generalization of the bulk-brane duality studied in this paper to non-Abelian models. To this end, one should consider theories with non-Abelian domain walls [32, 17, 33, 19] which, in addition to the domain walls, support non-Abelian strings [34, 35, 36, 37 where e is the electric coupling constant, Q f is the chiral matter superfield (with charge c f = ±1), and W α is the supergeneralization of the photon field strength tensor,
In four dimensions the absence of the chiral anomaly in SQED requires the matter superfields enter in pairs of the opposite charge. Otherwise the theory is anomalous, the chiral anomaly renders it non-invariant under gauge transformations. Thus, the minimal matter sector includes two chiral superfields Q andQ, with c = 1 and c = −1, respectively. In three dimensions there is no chirality. Therefore, it is totally legitimate to consider 3D SQED with a single matter superfield Q, with c = 1.
The 3D theory obtained by dimensional reduction from (A.2) is well-defined and is P -invariant. 4 This is not the case in the theory with one matter superfield. A remnant of the four-dimensional anomaly in three dimensions is the so-called parity anomaly. The determinant det iψ Dψ formally is P invariant. However, it is illdefined and, in fact, is not gauge invariant [25] (see also [40] ). To make the theory well-defined one needs to add a Chern-Simons term.
Let us start with 3D theory with two oppositely charged matter supermultiplets obtained by dimensional reduction of (A.2). Still we need a certain modification. In our theory (4.6) describing strings on the walls world volume the absolute values of masses of two oppositely charged chiral multiplets are different. Such mass terms are well-known, for a review see [41, 24, 23] . They go under the name of "real masses," are specific to theories with U(1) symmetries dimensionally reduced from D = 4 to D = 3, and present a direct generalization of twisted masses in two dimensions [42] . To introduce a "real mass" one couples matter fields to a background vector field 4 Parity transformation in the 3D theory should be defined as x 1 → −x 1 with x 0 and x 2 intact [39] . If we define gamma matrices in the Minkowskian 3D theory as
then the action of the P transformation on the 3D fermion field is as follows:
The kinetic term iψ Dψ is P even, while the mass termψψ is P odd under this definition.
where c φ is the matter electric charge while k 0 is an integer or half integer number, to be specified below. In components
Thus, the bosonic part of one-matter superfield SQED takes the form
The fermionic part is
This transformation is applicable in the three-dimensional reduced theory provided no real mass is added for one of the flavors. Adding such mass we break Q ↔Q. However, we do need to add real mass. Moreover, we can consider 3D SQED with one matter superfield. The theory will remain C-even with respect to a different C-parity transformation, specific to 3D,
With respect to this transformation the electromagnetic charges of the matter quanta ψ and φ are opposite to those of the antiquanta, while the scalar charges (i.e. those governing the coupling to the massless field a) are the same for particles and antiparticles of the same flavor. From the standpoint of four-dimensional C parity, the above three-dimensional C parity should be viewed as CP ( 
2) D=4
, where P (2) stands for reflection of the second axis (the one which is reduced).
